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We analyze the effects of noncommutativity in conformal quantum mechanics (CQM) using the
κ-deformed space-time as a prototype. Upto the first order in the deformation parameter, the
symmetry structure of the CQM algebra is preserved but the coupling in a canonical model of the
CQM gets deformed. We show that the boundary conditions that ensure a unitary time evolution
in the noncommutative CQM can break the scale invariance, leading to a quantum mechanical
scaling anomaly. We calculate the scaling dimensions of the two and three point functions in
the noncommutative CQM which are shown to be deformed. The AdS2/CFT1 duality for the
CQM suggests that the corresponding correlation functions in the holographic duals are modified.
In addition, the Breitenlohner-Freedman bound also picks up a noncommutative correction. The
strongly attractive regime of a canonical model of the CQM exhibit quantum instability. We show
that the noncommutativity softens this singular behaviour and its implications for the corresponding
holographic duals are discussed.
I. INTRODUCTION
Conformal invariance is a fundamental symmetry of physics, which is typical for massless systems that have no
dimensionful parameters. For such systems, the Poincare symmetry gets enlarged to include dilatation and special
conformal transformations. A simple yet rich class of systems which capture the essential features of this enhanced
symmetry is described by conformal quantum mechanics (CQM) [1]. The action of a system described by CQM is
invariant under the full conformal group, whose algebra is given by so(2, 1). A diverse range of physical phenomena
can be analyzed within the framework of CQM, which include AdS2/CFT1 duality [2–4], near-horizon conformal
structure of black holes [5–7], Calogero type models [8–11], scaling anomalies [12, 13], renormalization in quantum
mechanics [14], scattering of electrons from polar molecules [15, 16], effects of Coulomb charge and topological defects
in graphene [17–20] and study of the zeros of the Riemann Zeta function [21, 22].
Given the relevance of CQM to black hole physics [5–7] or holography [2–4], it is pertinent to ask about the
behaviour of CQM at very high energies such as the Planck scale. There are several candidates for describing
Planck scale physics including string theory, loop gravity and noncommutative geometry. In this paper we shall take
noncommutative geometry as a framework for describing physics at the Planck scale and study CQM in that context.
It is known that the quantum uncertainty principle and Einstein’s general relativity together lead to a general class
of noncommutative spacetimes [23, 24]. For our analysis, we consider the κ-deformed algebra [25–27] as a prototype
of the noncommutative spacetime, which is relevant for a variety of black holes [28–33]. The κ-deformed algebra
admits a large class of realizations [34–36]. Here we work with a specific subclass that is adapted to the CQM. In
addition, keeping in mind the weakness of the Planck scale effects, we keep terms only upto the first order in the
noncommutative deformation parameter. Under these assumptions the noncommutativity preserves the symmetry
structure of the CQM but the dimensionless parameter in a canonical model of the CQM undergo rescaling. Our
analysis applies to the conformal world line symmetries, but not to the target space conformal symmetries, which
would be broken by κ-deformations.
The study of how scale and conformal invariance is broken in physical systems is often as important as the analysis
of the symmetry itself. In particular, how a system with no dimensionful parameter can give rise to bound states with
finite energies has been investigated in a variety of physical systems. In order for the bound state to exist in such
a system, the scaling symmetry must be broken [8, 12, 37]. The source of this anomaly can often be traced to the
boundary conditions, which can either break the scale invariance [8] or prevent so(2, 1) from being the spectrum gen-
erating algebra [9]. The choice of appropriate boundary conditions is determined by the requirement of a unitary time
∗Electronic address: kumars.gupta@saha.ac.in
†Electronic address: harisp@uohyd.ernet.in
‡Electronic address: zuhairns@gmail.com
2evolution, which demands that the corresponding Hamiltonian be self-adjoint [38]. Thus the self-adjoint extensions
[38] determine the boundary conditions that can lead to a quantum breakdown of the scale invariance [8, 37].
In this work we shall assume that the quantum dynamics governed by the noncommutative CQM respects unitarity
[39] and the corresponding Hamiltonian must therefore be self-adjoint [38]. This leads to a special class of boundary
conditions which break the scale invariance, resulting in a quantum mechanical scaling anomaly [8, 12, 13]. One might
wonder if there would be any scale invariance in the noncommutative framework at all, as the deformation parameter
introduces a length scale. We shall show that upto the first order in the deformation parameter, the symmetry
structure of the CQM is preserved and the noncommutativity itself does not destroy the scale invariance upto this
order. On the other hand, the coupling appearing in the Hamiltonian of the canonical model of the CQM [1] gets
deformed, whose consequences are explored in our work.
There exists an interesting connection between the CQM and the AdS2/CFT1 duality [2–4]. It is well known that
the killing vectors of the AdS2 span a so(2, 1) algebra, which is also the symmetry algebra of the CQM. In this work
we have explored certain aspects of this holographic duality within the noncommutative framework. The concept
of a noncommutative holography was discussed in [40] and further explored in the context of noncommutative black
holes [41–43]. In the present analysis, we calculate the correlation functions in the noncommutative CQM which
are shown to be deformed. Using the AdS2/CFT1 duality, we argue that the scaling dimensions of operators in
the holographic dual are also deformed. In the gravity side, the constraints on the scaling dimensions lead to the
well known Breitenlohner-Freedman bound [44, 45]. We show that the Breitenlohner-Freedman bound acquires a
noncommutative correction which has the proper commutative limit.
In the strongly attractive regime of the canonical CQM Hamiltonian, there is a breakdown of the quantum vacuum
[46, 47]. A renormalization group approach has been developed to address this problem [14, 37]. Here we show that
upto the first order in the deformation parameter the quantum breakdown of the vacuum is softened by noncom-
mutativity, but not completely removed. Using holographic ideas, we relate the renormalization group flow of the
coupling to that of the Breitenlohner-Freedman bound. This has interesting implications for the holographic dual,
which requires further analysis.
This letter is organized as follows. In Section 2, we study the conformal invariance of inverse square potential
problem in κ-deformed spacetime. In Section 3 the effect of noncommutativity on the scaling anomaly is discussed.
Next in Section 4 we discuss the renormalization of the strongly attractive inverse square interaction in the presence
of noncommutativity. Section 5 discusses the AdS2/CFT1 holography and the effect of noncommutativity on the
associated physical quantities. Section 6 is devoted to conclusions and discussions.
II. CONFORMAL QUANTUM MECHANICS IN κ-SPACETIME
Consider the so(2, 1) Lie algebra generated by three generators H , D and K satisfying the relations
[H,D] = i~H, [K,D] = −i~K, [H,K] = 2i~D. (1)
This algebra can be realized by a large class of operators. For the analysis in this paper, we shall work with a canonical
model of the CQM, given by the operators
H =
1
2
(
p2 +
α
q2
)
, D = −1
4
(p q + q p) , K =
1
2
q2 (2)
where p and q are canonically conjugate variables satisfying the relation
[q, p] = i~. (3)
The constant α is dimensionless and taken to be real. The generator H corresponds to a particle of unit mass under
the action of an inverse-square potential. The generators D and K correspond to dilatation and special conformal
transformations respectively.
Our goal is to study the conformal quantum mechanics described by operators in (2) in noncommutative κ-deformed
space-time. For a general introduction to quantum mechanics in d-dimensional κ-deformed spacetime, see [48]. The
κ-deformed space-time is defined by the algebra,
[xˆ0, xˆ1] = iaxˆ1, (4)
with a = 1κ being the deformation parameter [25–27]. We shall take the parameter a to be real and positive. We are
taking x0 = ct, where c is the velocity of light. With this convention, a has the dimension of [L] and κ has dimension
of 1L . It may be mentioned that in natural units, where ~ = c = 1, κ would have mass dimension. Note that in our
3approach a or κ is assumed to be a fundamental constant. Note that since the origin of the noncommutativity is
supposed to be due to the Planck scale effects, it may be possible to identify a with the Planck length lP ≡
√
~G
c3 .
Instead of working with operators as in (4), it is convenient to work with commutative functions and derivatives which
realize the same operators. The κ-space admits a large class of realizations [34–36] and a choice has to be made which
is adapted to the problem under consideration. In the subsequent analysis we shall work with a particular realisation
of κ-space-time in which the coordinates are given by [34–36]
xˆ1 = x1ϕ(a), xˆ0 = x0, (5)
where ϕ is arbitrary function whose form depends on the choice of realization.
We will now obtain the Hamiltonian for a free particle in κ-deformed space-time using the expression for dispersion
relation in 1 + 1 dimensional space-time, in a specific choice of realization (For a details on study of κ-spacetime, see
[49–52]). Let pˆµ = −i~Dµ be the momentum in κ-spacetime, with Dµ being the generalised derivative having the
following form in our realization [34–36], D1 = ∂1
e−A
ϕ , D0 = ∂0
sinhA
A − ia∂21 e
−A
2ϕ2 , with A = ia∂0 = a
p0
~
. We write
the dispersion relation pˆµpˆ
µ +m2 = 0 and use pˆµ = −i~Dµ (with metric signature (−+)) to obtain
4~2
a2
sinh2
(
ap0
2~
)
− p21
e−
ap0
~
ϕ2
(
ap0
~
) + a2
4~2
[
4~2
a2
sinh2
(
ap0
2~
)
− p21
e−
ap0
~
ϕ2(ap
0
~
)
]2
= m2c2. (6)
Note that p0 and p1 = p1 are the components of the momenta in the commutative space, which are related to the
corresponding derivatives using ~ [34–36]. Thus the process of constructing the realizations introduces ~, which
subsequently appears in the dispersion relation. We also note that each term of Eqn. (6) has the dimension of the
square of the momentum. It may be mentioned that if we work in natural units with ~ = c = 1, then κ has dimension
[M ] and a has dimension of 1[M ] . In that case Eqn. (6) has the form
4κ2 sinh2
(
p0
2κ
)
− p21
e−
p0
κ
ϕ2
(
p0
κ
) + 1
4κ2
[
4κ2 sinh2
(
p0
2κ
)
− p21
e−
p0
κ
ϕ2(p
0
κ )
]2
= m2. (7)
Again each term on both sides of Eqn (7) have dimension [M ]2 and it is dimensionally consistent.
Expanding the above dispersion relation in powers of a, for the choice of ϕ = e−
ap0
~ and solving for the energy p0,
valid upto first order in a, we obtain
p0 =
E
c
=
√
m2c2 + p21 +
1
2
a
~
p21 (8)
From now on wards, we will denote p21 as p
2, keeping in mind that we are working in 1+ 1 dimensional spacetime. In
the non-relativistic limit, this leads to the free particle Hamiltonian,
H0 =
p2
2m
(1 +
amc
~
) ≡ p
2
2m
f(a), (9)
where f(a) = (1 + aνc) and νc =
mc
~
is the inverse Compton wavelength of the particle of mass m.
Here we have considered a particle of general mass m and in our later calculations, we will be setting mass to be
unity, as was chosen for the Hamiltonian in Eqn. (2). We will now write the potential, V (rˆ) = αrˆ2 using the realization
in (5) and we find V (rˆ) = αr2 +O(a
2).
Thus, the κ space-time Hamiltonian H , upto first order in a, for a particle with mass, m = 1 moving in inverse
square potential is
H =
1
2
(
f(a) p2 +
α
r2
)
. (10)
From now onwards, we work with units (unless otherwise mentioned) in which ~ = 1 and m = 1. We re-express the
above Hamiltonian as
H˜ ≡ H
f(a)
=
1
2
(
p2 +
α˜
r2
)
, α˜(a) ≡ α
f(a)
. (11)
4Note that the factor arising from noncommutativity is a dimensionless quantity and hence, the rescaled coupling α˜ is
dimensionless as well. Even though parameter a is a dimensionful quantity, the effect of κ-deformation appears only
through a dimensionless combination. For this reason, we expect the Hamiltonian to obey conformal symmetry, as
shown below. With this rescaled Hamiltonian, we obtain the algebra for the system as
[H˜, D˜] = iH˜, [K˜, D˜] = −iK˜, [H˜, K˜] = 2iD˜, (12)
where the generators D˜ = D and K˜ = K and thus do not have any dependence on the deformation parameter a.
We have thus seen that upto the first order in the deformation parameter, the effect of the noncommutativity in
the conformal quantum mechanics is captured by the rescaling of the coupling α in the generator H , which appears
as the Hamiltonian for a large class of physical systems. Note also that, the p appearing in the Hamiltonian in
κ-spacetime given in Eqn. (11) is the usual momentum operator. Thus the only parameter in the theory will be
evolution parameter t. Thus the Hamiltonian used in this paper study the conformal field theory in 0 + 1 dimension.
It may be noted that the κ-deformed space-time under consideration admits a class of twist operators that satisfy
the co-cycle and other conditions of a Hopf algebra, leading to the twisted co-products for symmetry of the system in
the co-algebra sector. For the particular choice of realization considered here, the twisted co-product ∆ is given by
∆ = F−1∆0F , where ∆0 is the commutative co-product and the twist operator is given by F = e−N⊗A with N = q∂q
and A = iac ∂t. For details see [34–36].
We end this section with a comment on the effect of the noncommutativity on the spectrum of the so(2, 1) algebra.
The generators of so(2, 1) algebra in the Cartan basis can be written as
S˜ =
1
2
(
K˜
l
+ lH˜
)
, J˜± =
1
2
(
K˜
l
+ lH˜
)
± iD˜. (13)
They satisfy the algebra
[S˜, J˜±] = ±J˜±, [J˜−, J˜+] = 2S˜. (14)
The operator S˜ is compact and its spectrum is given by [1]
S˜|m >= sm|m >; sm = s0 +m, m = 0, 1, 2, · · · , (15)
where
s0(a) =
1
2
(
1±
√
α˜(a) +
1
4
)
. (16)
Here we normally choose the positive sign in front of the square root to ensure that s0 > 0 [1]. We now express the
eigenvector in terms of raising operator J˜+ as
|m >=
√
Γ(2s0(a))
m! Γ(2s0(a) +m)
(J˜+)
m|0 > . (17)
Thus it is clear that the representations of the so(2, 1) algebra appearing in the CQM is directly affected by the
noncommutative deformation parameter. We shall next study the effect of this rescaling on the nature of the spectrum
of H and how it affects the scale invariance of the system.
III. SCALING ANOMALY
In this section we shall study certain quantum aspects of the Hamiltonian H˜. To this end, consider the Schrodinger’s
equation for bound state
H˜ψ = −Eψ. (18)
We can re-write this equation as
Heψ ≡
[
− d
2
dr2
+
α˜
r2
]
ψ = −2Eψ, (19)
5where r ∈ (0,∞). Eqn. (19) corresponds to the Schrodinger’s equation for an effective Hamiltonian He = 2H˜ and
henceforth we shall work with He.
In order to analyze the Schrodinger’s equation (19), we need to specify the boundary conditions. In this process
our guiding principle would be unitarity, which is assumed to be valid at the Planck scale where noncommutative
effects are relevant [39]. The requirement of unitarity demands that the boundary conditions be so chosen that the
operator He would be self-adjoint [38]. The conditions for self-adjointness of an operator of the type of He has
been discussed in the literature [8]. It is known that He is a symmetric or Hermitian operator [38] in the domain
D0(He) ≡ {φ(0) = φ′(0) = 0, φ, φ′ absolutely continuous}, but is not necessarily self-adjoint in it. In fact, when
− 14 ≤ α˜ < 34 , the operator He admits a one-parameter family of self-adjoint extensions labelled by a parameter z ∈ R
mod (2pi) [8]. For each value of α˜ ∈ (− 14 , 34 ) and for a generic value of z, the operator He admits a single bound state
with energy given by [8]
E = −1
2

 sin( z2 + 3pi
√
α˜+ 1
4
4 )
sin( z2 + pi
√
α˜+ 1
4
4 )


1√
α˜+1
4
(20)
and for α˜ = 14 , the corresponding bound state energy is given by [8]
E = −exp
[pi
2
cot
z
2
]
. (21)
The appearance of the bound state may seem surprising since the scale invariant operator He does not contain any
dimensionful parameter and thus should not admit a bound state. The reason why the bound state appears in its
spectrum is related to the fact that when − 14 ≤ α˜ < 34 , the domain or equivalently the boundary conditions which
render He self-adjoint break the scale invariance. For the parameter range − 14 ≤ α˜ < 34 , the domain Dz(He) in which
He is self-adjoint is different from D0(He). It can be shown that the dilatation operator does not leave the domain
Dz(He) invariant. In other words, if ψ ∈ Dz(He), then for a generic value of the self-adjoint extension parameter z,
the dilatation operator D acts in such a way that Dψ /∈ Dz(He) [8]. This is an example of scaling anomaly, whereby
the classical scale invariance is broken through the choice of boundary conditions, which is a purely quantum effect.
Let us now address the question as to how noncommutativity affects the breakdown of scale invariance. Recall that
the effective coupling α˜ in the noncommutative case is related to the commutative coupling α as α˜ = αf(a) . Thus
the range − 14 ≤ α˜ < 34 corresponds to − 14f(a) ≤ α < 34f(a). Now consider a range of the commutative coupling
α ∈ [− f(a)4 , 3f(a)4 ), where f(a) > 1. It is clear that for certain parts of this range for the commutative coupling α,
namely between [− f(a)4 ,− 14 ) and between (34 , 3f(a)4 ), there would be no self-adjoint extension and hence no violation
of the scaling symmetry due to quantum effects. Now once the noncommutativity is turned on, the entire range
[− f(a)4 , 3f(a)4 ) gets mapped to [− 14 , 34 ), for which, as we have argued before, the scaling anomaly exists. Thus we can
conclude that for certain ranges of coupling which in the commutative case do not show scaling anomaly, would do
so once the noncommutativity is turned on.
IV. RENORMALIZATION
In this section we shall consider the case when α˜ < − 14 , in which case we can write α˜ = −ν2 − 14 , ν ∈ R. The
equation (19) can be written as
[
d2
dr2
+
ν2 + 14
4
− 2E
]
ψ = 0. (22)
It is well known that the energy spectrum obtained from this equation is unbounded from below, signalling the onset
of the famous “the fall to the centre” problem as originally discussed by Landau [46, 47]. The fact that the energy is
unbounded from below corresponds to the breakdown of the quantum vacuum. The range of coupling for which this
happens is called the supercritical range, − 14 being the critical value of the coupling.
In order to understand how the singularity appears, we introduce an ultraviolet regulator in the position space at
r = b and solve the Eqn. (22) with the boundary condition ψ(r = b) = 0 [14]. The general solutions of Eqn. (22) is
given by
ψ(x) =
√
xKiν(x); x = −i
√
2Er, (23)
6where with Kiν is the modified Bessel function of the third kind with imaginary order [53]. The zeroes of this function
appear at
xn = e
−npi/ν(2e−γ)(1 +O(ν)); where γ is the Euler number, (24)
which leads to the energy spectrum given by
En = −e−2npi/ν (2e
−γ)2
2b2
(1 +O(ν)). (25)
where n = 1, 2, ...∞. The ground state energy corresponds to n = 1 and n = ∞ is an accumulation point of the
spectrum. As discussed above, the ground state energy becomes unbounded from below as the ultraviolet regulator
b→ 0.
We now use the technique of renormalization [14] to address this divergence. As a first step, we make the coupling
ν a function of the cutoff b. Next we demand that the ground state energy becomes independent of the cutoff as the
ultraviolet regulator is removed. This is enforced by imposing the condition
lim
b→0
dE1
db
= 0. (26)
This condition leads to the β-function given by
β(b) = −bdν(b)
db
= −ν
2
pi
+ subleading terms. (27)
From Eqn. (27) it is clear that the β-function admits an ultraviolet stable fixed point at ν = 0 or equivalently at
α˜ = − 14 .
Recalling again the relation α˜ = αf(a) , we see that if we started with a commutative coupling such that α = − f(a)4 ,
then the corresponding noncommutative coupling is α˜ = − 14 . Thus with f(a) > 1, a coupling which was leading to a
ultraviolet divergence in the commutative theory can still lead to a proper spectrum in the noncommutative version.
The effect of the noncommutativity is thus to soften the divergence in the sense described above.
V. CORRELATION FUNCTIONS AND AdS2/CFT1 CORRESPONDENCE
In this section we shall discuss the effect of noncommutativity on the correlation functions that appear in the
canonical model of the CQM. Note that the algebra generated by the killing vector fields of AdS2 also span so(2, 1),
which has led to the well knownAdS2/CFT1 correspondence [3, 4]. We shall see the implications of this correspondence
on the noncommutative CQM.
Recall that the Hamiltonian H˜ as one of the generators of the so(2, 1) algebra and that it is related to time-
translation invariance. Let τ be the parameter which describes the evolution of system. We introduce the vectors in
the τ -basis as |τ >. In this basis, Hamiltonian have the representation H = i ddτ . Following the method of [1], the
κ-deformed two-point function is found to have the form
A2(τ2, τ1) ≡< τ1|τ2 >=
∑
m
ψ∗m(τ1)ψm(τ2) = Γ(2s0(a))
(
1
2i(τ1 − τ2)2s0(a)
)
. (28)
It is interesting to note that the effective dimension, s0(a) has a dependence on the deformation parameter. Similarly,
the κ-deformed three-point is found to be
A3(τ1, τ2, τ3) = < τ1|B(t)|τ2 >∝ 1|τ − τ1|δ|τ2 − τ |δ |τ1 − τ2|−δ+2s0(a) , (29)
where δ is the dimension of the operator B, which is otherwise arbitrary.
The structure of the two and three point functions obtained above are exactly of the form of two and three point
functions in AdS2 [54], which are given by
G2(x, y) = < O(x)O(y) >∝ 1|x− y|∆ (30)
G3(x, y, z) = < O(x)O(y)O(z) >∝ 1|x− y|∆1+∆2−∆3 |y − z|∆2+∆3−∆1 |z − x|∆3+∆1−∆2 . (31)
7We have here, considered arbitrary operators O(xj) with scaling dimension, ∆j . The identification, A3 ∼ G3 implies
that two of the operators (O(x) and O(z)) have the scaling dimension ∆ = s0(a) and third operator (O(y)) have
the dimension δ. It is interesting to observe that the effect of noncommutativity appears through the modification of
the dimension of the operators. We emphasize that the dimension have an explicit dependence on the deformation
parameter a and also, the dimension attains its value in commutative case when the deformation parameter is set to
zero.
The dependence of the effective dimension on non-commutative parameter a has some interesting implications. In
order to understand this, let us choose a specific choice of realization, say ϕ = e−ap
0
. This leads to expression for s0
as
s0 =
1
2
(
1 +
√
α
1 + aνc
+
1
4
)
. (32)
This tells us that the effect of non-commutativity on the conformal dimension s0(a) of the operators in the two point
function can be physically related to a shift of the coupling strength. Since s0 is real, we obtain
α ≥ −1
4
(1 + aνc). (33)
Thus we see that the reality of s0, which appears in the eigenvalues of the generator S˜ in Eqn (15), leads to the
constraint on the coupling α, which depends on the noncommutative deformation parameter.
The AdS2/CFT1 correspondence [3] relates the mass of a scalar field in AdS2 to the scaling dimension of the
corresponding operators in the CFT. It is well known that the mass of the scalar field in AdS2 is constrained by
the Breitenlohner-Freedman bound. In the commutative case, the corresponding bound on the CFT side leads to
the constraint α ≥ − 14 . The result in Eqn. (33) gives a noncommutative correction to the constraint on α. Using
the AdS2/CFT1 correspondence we can now argue that the Eqn. (33) produces a noncommutative correction to
the Breitenlohner-Freedman bound. Note that the modified Breitenlohner-Freedman bound corresponds to the lower
bound on the coupling α arising from the self-adjoint extension of H . We shall make further remarks on this in the
concluding section.
VI. CONCLUSION
In this work we have reformulated a canonical model of the CQM in the κ-Minkowski space-time. The noncom-
mutativity encodes the features of physics at the Planck scale [23, 24]. Since observable effects of such features are
expected to be weak, we have analyzed the noncommutative effects only upto the first order in the deformation
parameter. In the chosen canonical model of the CQM [1], the Hamiltonian H contains a dimensionless parameter
α, which appears as a coupling of the inverse square potential. The effect of non-commutativity is introduced into
the Hamiltonian through the factor f(a) (see eqn.(11)). Here it is to be emphasized that the deformation parameter
appears through a dimensionless combination of ~,c and m.
In order to arrive at this Hamiltonian, we first obtained the Hamiltonian for non-relativistic free particle in κ-
spacetime from the κ-deformed dispersion relation. Further, since the only parameter that is present in our theory is
the evolution parameter t, we conclude that we are studying quantum mechanics (i.e., field theory in 0+1 spacetime).
It is clear that the quantity f(a), which contains the mass of the particle and deformation parameter a, is dimen-
sionless. Since the κ-deformation appears only through this combination, which is dimensionless, non-relativistic
conformal invariance is shown to be valid in κ-spacetime. In the presence of the κ-deformed noncommutativity, the
algebraic structure of the CQM is preserved upto the first order in the deformation parameter. The main effect of the
noncommutativity is to scale the dimensionless coupling α appearing in H , while the form of the other two generators
of so(2, 1) remain unchanged. The eigenvalues and the eigenvectors of the so(2, 1) algebra are directly affected by the
noncommutativity. In particular, the quadratic Casimir of the so(2, 1) algebra and the scaling dimensions appearing
in the correlation functions are also modified.
If we assume that the CQM describes a unitary time evolution, then the Hamiltonian operator H must be self-
adjoint. For a range of the coupling α, the requirement of unitarity leads to boundary conditions that violates the
scaling symmetry. For these class of boundary conditions, the generator of dilatation does not leave the domain of
H invariant, which leads to a scaling anomaly [8]. This effect persists in the presence of noncommutativity and the
system continues to admit a scaling anomaly for a certain range of the coupling. In particular, a certain range of the
coupling which in the commutative theory would preserve the scale invariance now leads to a scaling anomaly once
the noncommutativity is turned on. Thus the length scale associated with the noncommutativity clearly affects the
scaling symmetry of the CQM, but does not completely destroy it, at least upto the first order in the deformation
parameter.
8In a recent analysis, the AdS2/CFT1 duality has been used to put bounds on the scaling dimension of the CQM
vacuum [55]. The scaling dimension is related to the quadratic Casimir of the so(2, 1), which depends on α. Thus
the bound on α arising from that on the scaling dimension is due to the AdS2/CFT1 correspondence. Recall that
purely within the CQM, there is another bound on α arising from the requirement of a unitary time evolution,
or equivalently from the self-adjoint extensions of H . What we have found is that these two bounds arising from
apparently different origins coincide exactly. The lower limit of the constraint on α is related to the Breitenlohner-
Freedman bound, which relates the unitarity of the CQM to the stability of the AdS2. Moreover, our analysis shows
that the Breitenlohner-Freedman bound is modified due to noncommutativity. The upper limit of the constraint is
also affected by noncommutativity, whose interpretation in terms of the gravity dual is not completely clear and is a
subject of ongoing investigation.
It is known that when the inverse-square coupling in H is strongly attractive, there is a quantum breakdown of
the vacuum. We have shown that a certain range of the coupling which was supercritical in the commutative theory,
becomes subcritical in the presence of the noncommutativity. In this sense, the effect of the noncommutativity is to
soften the singularity in the supercritical sector, although the singularity is not completely removed. Note that the
critical value of the coupling corresponds to the Breitenlohner-Freedman bound. From both the gravity side and the
CFT side we know that there is a singularity beyond the critical value. Here we have presented a renormalization
group analysis which addresses the singularity problem in the CFT side. Using the AdS2/CFT1 correspondence we
can expect that there would be a similar renormalization group analysis in the gravity side as well.
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